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Abstract
A revision of the torodial Kaluza-Klein compactification of the
massless sector of the E8 × E8 heterotic string is given. Under the
solvable Lie algebra gauge the dynamics of the O(p, q)/(O(p)×O(q))
symmetric space sigma model which is coupled to a dilaton, N abelian
gauge fields and the Chern-Simons type field strength is studied in a
general formalism. The results are used to derive the bosonic matter
field equations of the massless sector of the D-dimensional compacti-
fied E8 × E8 heterotic string.
1 Introduction
The supergravity theory which has the highest spacetime dimension is the
D = 11, N = 1 supergravity [1]. There are three types of supergravity
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theories in ten dimensions namely the IIA [2, 3, 4], the IIB [5, 6, 7] and
as the third supergravity, the ten dimensional N =1 type I supergravity
theory which is coupled to the Yang-Mills theory [8, 9]. One can obtain the
D = 10, IIA supergravity theory by the Kaluza-Klein dimensional reduction
of the D = 11 supergravity on the circle, S1. The supergravity theories
in D < 10 dimensions can be obtained from the D = 11 and the D = 10
supergravities by the dimensional reduction and the truncation of fields. A
general treatment of the supergravity theories can be found in [10, 11, 12, 13].
The ten dimensional IIA supergravity and the IIB supergravity theories
are the massless sectors or the low energy effective limits of the type IIA and
the type IIB superstring theories respectively [14]. The type I supergravity
theory in ten dimensions on the other hand is the low energy effective limit of
the type I superstring theory and the heterotic superstring theory [14]. The
eleven dimensional supergravity is conjectured to be the low energy effective
limit of the eleven dimensional M-theory.
The symmetries of the supergravity theories are important to understand
the symmetries and the duality transformations of the string theories. Espe-
cially the global symmetries of the supergravities give the non-perturbative
U-duality symmetries of the string theories and the M-theory [15, 16]. An
appropriate restriction of the global symmetry group G of the supergravity
theory to the integers Z, namely G(Z), is conjectured to be the U-duality
symmetry of the relative string theory which unifies the T-duality and the
S-duality [14, 15].
In supergravity theories which possess scalar fields, the global (rigid)
symmetries of the scalar sector can be extended to the other fields as well,
thus the global symmetry of the scalars will be the global symmetry of the
entire bosonic sector of the theory. For the majority of the supergravities,
the scalar manifolds are homogeneous symmetric spaces which are in the
form of cosets G/K [17], and the scalar lagrangians can be formulated as
the non-linear coset sigma models, in particular the symmetric space sigma
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models. The dimension of the coset space G/K is equal to the number of the
coset scalars of the theory. In general G is a real form of a non-compact semi-
simple Lie group and K is its maximal compact subgroup. Thus the coset
G/K can locally be parameterized through the exponential map by using the
solvable Lie subalgebra of G [18]. This parametrization is an effective tool
for the dynamics of the supergravity theories and it is called the solvable Lie
algebra gauge [17].
When we apply the Kaluza-Klein dimensional reduction to the bosonic
sector of the D = 11 supergravity [1] over the tori T n, where n = 11−D, we
obtain the D-dimensional maximal supergravity theories [19, 20, 21]. The
global (rigid) symmetry groups of the bosonic sectors of the reduced la-
grangians are in split real form (maximally non-compact). In other words
for the scalar coset manifolds, G/K of the maximal supergravities, G which
is the global symmetry group, is a semi-simple split real form and K is its
maximal compact subgroup. Thus the coset spaces G/K can be parameter-
ized by the Borel gauge which is a special case of the solvable Lie algebra
gauge. Therefore the scalar sectors of the maximal supergravities can be for-
mulated as symmetric space sigma models. However we should remark that
in certain dimensions in order to formulate the scalar sectors as symmetric
space sigma models one has to make use of the dualisation methods to re-
place the higher-order fields with the newly defined scalars. On the other
hand when one considers the Kaluza-Klein compactification of the bosonic
sector of the ten dimensional N =1 simple supergravity that is coupled to N
abelian gauge multiplets on the tori T 10−D [8, 9], one can show that when a
single scalar is decoupled from the others, the rest of the scalars of the lower,
D-dimensional theories can be formulated as G/K symmetric space sigma
models [22]. One can even enlarge the coset formulations of the scalars by
using partial dualisations. Unlike the maximal supergravities for this class
of supergravities, the global symmetry group G is not necessarily a split real
form but it is in general a semi-simple, non-compact real form and again K
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is a maximal compact subgroup of G. Therefore in this case one makes use
of the more general solvable Lie algebra gauge [17] to parameterize the scalar
coset manifolds for the reduced theories.
In this work considering the achievements of [22] we focus on the dy-
namics of the toroidally compactified low energy effective E8 × E8 heterotic
string in the solvable Lie algebra gauge. In accordance with the formulation
of [22] we will first show how one can obtain a lower dimensional bosonic la-
grangian starting from the ten dimensional N =1 type I supergravity theory
which is coupled to the abelian Yang-Mills theory [8, 9]. We will formulate
the D-dimensional bosonic lagrangian in a compact form in which the terms
governing the scalars and the coupling abelian gauge fields are constructed
in the solvable Lie algebra gauge. Then in a general formalism we will work
out in detail the bosonic field equations of the symmetric space sigma model
which is coupled to a dilaton, an arbitrary number of abelian gauge fields and
a two-form field whose kinetic term is expressed in terms of its Chern-Simons
field strength. Our formulation will be a generalized one which uses arbitrary
coupling constants. Also it is performed for a general, O(p, q) global symme-
try group of the scalar coset. In our generalized formulation we will make use
of the construction of [23] to derive the field equations of the coset scalars.
To denote the relevance of our construction with the supergravity theories
we will give three examples of Maxwell-Einstein supergravities on which the
derivation we perform is applicable and whose bosonic field equations corre-
spond to the ones we derive in algebraic terms for the solvable Lie algebra
gauge of the scalar coset manifold. Finally we will apply our general results to
the case of the D-dimensional compactified E8×E8 heterotic string to derive
its bosonic matter field equations which show a degree of complexity due to
the coupling between the coset scalars and the abelian gauge fields. We will
also discuss the relation between different coset parametrizations. Besides
we will reckon the correspondence of the two equivalent formulations of the
symmetric space sigma model with couplings which are based on different
4
scalar coset representations.
In section two we give a brief review of the Kaluza-Klein reduction of the
ten dimensional N =1 supergravity that is coupled to the abelian Yang-Mills
theory [8, 9] which is studied in detail in [22]. The main objective of section
two will be the construction of the D-dimensional bosonic lagrangian in a
compact form by using the solvable Lie algebra gauge. In section three again
under the solvable Lie algebra gauge we will derive the field equations of
the symmetric space sigma model which is generally coupled to a dilaton,
abelian gauge fields and a Chern-Simons type field strength. In addition we
will mention about three examples on which the results can be applied. In
the last section we will write down the bosnonic matter field equations of the
D-dimensional toroidally compactified heterotic string by using the results
obtained in section three. We will also discuss the possible field transforma-
tions between the two equivalent formulations of the bosonic lagrangian of
the compactified heterotic string.
2 Toroidally Compactified Heterotic String
In this section we will focus on the Kaluza-Klein reduction on the Euclidean
torus T 10−D of the bosonic sector of the ten dimensional simple N =1 super-
gravity [8, 9] which is coupled to N abelian gauge multiplets. We will not
cover the details of the reduction steps. A detailed study of the reduction can
be referred in [22] in which the structure of the scalar cosets and the matter
couplings which appear in each dimension upon the dimensional reduction
of the basic fields of the ten dimensional theory are given in detail. When
as a special case, the number of the U(1) gauge fields is chosen to be 16,
the ten dimensional supergravity which is coupled to 16 abelian U(1) gauge
multiplets becomes the low energy effective limit of the E8 × E8 ten dimen-
sional heterotic string theory which forms the massless background coupling
[14]. Thus when N = 16 our formulation corresponds to the dimensional re-
5
duction of the low energy effective bosonic lagrangian of the ten dimensional
E8 × E8 heterotic superstring theory. For N = 16, the D = 10 Yang-Mills
supergravity [8, 9] has the E8×E8 Yang-Mills gauge symmetry, however the
general Higgs vacuum structure causes a spontaneous symmetry breakdown
so that the full symmetry E8 ×E8 can be broken down to its maximal torus
subgroup U(1)16, whose Lie algebra is the Cartan subalgebra of E8 × E8.
Thus the ten dimensional Yang-Mills supergravity reduces to its maximal
torus subtheory which is an abelian (Maxwell-Einstein) supergravity theory.
The bosonic sector of this abelian Yang-Mills supergravity corresponds to
the low energy effective theory of the bosonic sector of the fully Higgsed ten
dimensional E8×E8 heterotic string theory [14, 22]. Therefore our main con-
cern will be the abelian Yang-Mills supergravity in ten dimensions, however
for the purpose of generality we will consider the coupling of N U(1) gauge
field multiplets to the graviton multiplet.
As we have discussed before the scalar sectors of the lower dimensional
theories can be formulated as non-linear sigma models, more specifically as
the symmetric space sigma models. One needs to apply the method of du-
alisation for some of the fields in certain dimensions to construct the scalar
cosets as symmetric space sigma models. The scalar cosets G/K are based
on the global internal symmetry groups G which are in general non-compact
real forms of semi-simple Lie groups. In supergravity theories the global sym-
metry of the scalar lagrangian can be extended to the entire bosonic sector
of the theory. Under certain conditions the global internal symmetry groups
may be maximally non-compact (split) real forms but in general they are
elements of a bigger class of Lie groups which contains the global internal
symmetry groups of the maximal supergravities namely the split real forms
as a special subset. The main difference between the scalar cosets based on
the non-compact and the maximally non-compact numerator groups is the
parametrization one can choose for the coset representatives. For the general
non-compact real forms one can make use of the solvable Lie algebra gauge
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[17] to parameterize the scalar coset. The solvable Lie algebra is a subalgebra
of the Borel algebra of g (the Lie algebra of G). It is simply composed of
certain Cartan and positive root generators of g [18].
The bosonic lagrangian of the D = 10, N = 1 abelian Yang-Mills super-
gravity which is coupled to N U(1) gauge multiplets is [8, 9, 22]
L10 = R∗1− 1
2
∗dφ1∧dφ1− 1
2
eφ1 ∗F(3)∧F(3)− 1
2
e
1
2
φ1
N∑
I=1
∗GI(2)∧GI(2), (2.1)
where GI(2) = dB
I
(1) are the N U(1) gauge field strengths. In (2.1) φ1 is a
scalar field and the subscripts for the rest of the fields and the field strengths
denote the degree of the fields. We also define the field strength of the field
A(2) as
F(3) = dA(2) +
1
2
BI(1) ∧ dBI(1). (2.2)
The pure supergravity sector of (2.1) can be truncated from the IIA su-
pergravity [2, 3, 4] by choosing the extra R-R fields to be zero in the IIA
lagrangian. The Kaluza-Klein ansatz for the ten dimensional spacetime met-
ric upon T n-reduction where n = 10−D is [24]
ds210 = e
→
s ·
→
φ′ds2D +
11−D∑
i=2
e2
→
γ i·
→
φ′(hi)2. (2.3)
Here we have
→
s = (s2, s3, ..., s(11−D)),
→
f i = (0, ..., 0, (10− i)si, si+1, ..., s(11−D)), (2.4)
7
where in the second line there are i− 2 zeros and
si =
√
2
((10− i)(9− i)) . (2.5)
Also we define
→
γ i =
1
2
→
s − 1
2
→
f i, (2.6)
and hi is
hi = dzi +Ai(1) +Ai(0)jdzj , (2.7)
where Ai(1) are the D-dimensional Maxwell gauge fields and Ai(0)j are the D-
dimensional scalars. The coordinates {zi} are the coordinates on the n-torus
T n. We further define the vector
→
φ′ = (φ2, φ3, ..., φ(11−D)), (2.8)
whose components are the dilatons of the Kaluza-Klein reduction.
We should also mention how to built up an ansatz to reduce a general
D-dimensional (n−1)-form potential field AD(n−1) on S1, with the assumption
that the D-dimensional spacetime is composed of the Cartesian product of a
(D− 1)-dimensional subspacetime and S1. The ansatz can be chosen as [21]
AD(n−1)(x, z) = A(n−1)(x) + A(n−2)(x) ∧ dz, (2.9)
where the coordinates x are on the (D − 1)-dimensional spacetime and z is
the coordinate on S1. When we take the exterior derivative of (2.9) we get
FD(n)(x, z) = dA
D
(n−1)(x, z)
= dA(n−1)(x) + dA(n−2)(x) ∧ dz. (2.10)
While choosing the (D − 1)-dimensional field strength of A(n−2) as F(n−1) =
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dA(n−2), one does not simply choose the (D − 1)-dimensional field strength
of A(n−1) as F(n) = dA(n−1) but for the purpose of obtaining a nice looking
lower dimensional lagrangian one defines the lower dimensional field strengths
through the transgression relations
F(n)(x) = dA(n−1)(x)− dA(n−2)(x) ∧ A(x),
F(n−1)(x) = dA(n−2)(x). (2.11)
In terms of these (D−1)-dimensional field strengths the D-dimensional field
strength can be given as
FD(n)(x, z) = F(n)(x) + F(n−1)(x) ∧ (dz +A(x)). (2.12)
We can express theD-dimensional kinetic term of FD(n) in terms of the (D−1)-
dimensional field strengths we have defined as
LDF = −
1
2
∗ FD(n) ∧ FD(n)
= (−1
2
e−2(n−1)αφ ∗(D−1) F(n) ∧ F(n)
− 1
2
e2(D−n−1)αφ ∗(D−1) F(n−1) ∧ F(n−1)) ∧ dz
= L(D−1)F ∧ dz. (2.13)
If we perform the S1-reduction step by step on the ten dimensional metric
by using the ansatz (2.3) and on the other fields in (2.1) as well as on the
by-product lower dimensional fields by using the ansatz (2.9) then the ten
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dimensional lagrangian (2.1) can be written as
L10 = LD ∧ dz1 ∧ · · · ∧ dzn, (2.14)
where the S1-reduction is performed n times. The D-dimensional lagrangian
in (2.14) can be calculated in terms of the D-dimensional fields as
LD = R ∗ 1− 1
2
∗ d
→
φ ∧ d
→
φ − 1
2
e
→
a 1·
→
φ ∗ F(3) ∧ F(3)
− 1
2
∑
i
e
→
a 1i·
→
φ ∗ F(2)i ∧ F(2)i − 1
2
∑
i<j
e
→
a 1ij ·
→
φ ∗ F(1)ij ∧ F(1)ij
− 1
2
∑
I
e
→
c ·
→
φ ∗GI(2) ∧GI(2) −
1
2
∑
i,I
e
→
c i·
→
φ ∗GI(1)i ∧GI(1)i
− 1
2
∑
i
e
→
b i·
→
φ ∗ F i(2) ∧ F i(2) −
1
2
∑
i<j
e
→
b ij ·
→
φ ∗ F i(1)j ∧ F i(1)j , (2.15)
where i, j = 2, ..., 11−D and
→
φ = (φ1, φ2, ..., φ(11−D)) in which except φ1, the
rest of the scalars are the Kaluza-Klein scalars which originate from the ten
dimensional spacetime metric. The transgression relations which define the
field strengths in (2.15) in terms of the potentials are as follows
F(3) = dA(2) +
1
2
BI(1)dB
I
(1) − (dA(1)i +
1
2
BI(0)idB
I
(1) +
1
2
BI(1)dB
I
(0)i)γ
i
jAj(1)
+
1
2
(dA(0)ij − BI(0)[idBI(0)j])γikAk(1)γjmAm(1),
F(2)i = γ
k
i(dA(1)k +
1
2
BI(0)kdB
I
(1) +
1
2
BI(1)dB
I
(0)k
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+ (dA(0)kj − BI(0)[kdBI(0)j])γjlAl(1)),
F(1)ij = γ
l
iγ
m
j (dA(0)lm − BI(0)[ldBI(0)m]), F i(2) = γ˜ijd(γjkAk(1)),
GI(2) = dB
I
(1) − dBI(0)iγijAj(1), GI(1)i = γjidBI(0)j , F i(1)j = γkj dAi(0)k, (2.16)
where we have omitted the wedge product. The dilatons
→
φ′, the Kaluza-Klein-
Maxwell potentials Aj(1) as well as the axions Ai(0)k in each dimension are the
descendants of the ten dimensional spacetime metric. The potentials A(0)lm,
A(1)k and A(2) are the Kaluza-Klein descendants of the two-form potential in
D = 10. The potentials BI(0)j and B
I
(1) are the D-dimensional remainders of
the ten dimensional Yang-Mills potentials BI(1) as a result of the ansatz (2.9)
applied in each S1-reduction step. We define the matrix γij as
γij = [(1 +A(0))−1]ij, (2.17)
and γ˜ij is the inverse of it. The dilaton vectors which couple to the scalars
→
φ in various field strength terms in (2.15) are defined as [22]
→
a1 = (1,−2→s ) , →a1i = (1,
→
f i − 2→s ) , →a1ij = (1,
→
f i +
→
f j − 2→s ),
→
b i = (0,−
→
f i) ,
→
b ij = (0,−
→
f i +
→
f j),
→
c = (
1
2
,−→s ) , →c i = (1
2
,
→
f i − →s ). (2.18)
In [22] the scalar sector and the abelian matter coupling in each dimension are
reformulated through a series of field and field strength redefinitions. The
dualisation of certain fields is also performed in various dimensions when
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necessary. In this way the global symmetry groups are identified. Also the
lagrangian (2.15) is written in a more compact form whose scalar sector is
formulated as a G/K non-linear sigma model. We will not mention about
the details of this calculation here, we will only present the result which will
be a reference point for our further analysis in the following sections. In [22]
it is shown that when a single dilaton is decoupled from the rest of the scalars
then the G/K coset representatives ν ′ and the internal metric
M = ν ′T ν ′, (2.19)
generated by the remaining scalars are elements of O′(10−D+N, 10−D) 1
which is composed of the (20− 2D +N)-dimensional real matrices A which
satisfy
ATΩA = Ω, (2.20)
where the (20− 2D +N)× (20− 2D +N) matrix Ω is
Ω =
 0 0 −1(10−D)0 1(N) 0
−1(10−D) 0 0
 , (2.21)
in which 1(n) is the n × n unit matrix. The scalar lagrangian of the D-
dimensional compactified theories can be described in the form
Lscalar = 1
4
tr(∗dM−1 ∧ dM), (2.22)
with an additional decoupled dilatonic kinetic term after certain field redef-
initions. The coset representatives ν ′ are parameterized as
ν ′ = e
1
2
ϕiHieA
i
(0)j
Eji e
1
2
A(0)ijV
ij
eB
I
(0)i
U iI . (2.23)
1The reason why we use a prime will be clear later. Here we slightly change the notation
used in [22].
12
Here {Hi, Eji , V ij, U iI} are (20−2D+N)-dimensional matrices and following
the notation of [22] we have modified the ranges of the indices i, j as i, j =
1, ..., 10−D. We also assume that i < j. The matrices {Hi, Eji , V ij, U iI} are
[22, 25]
→
H i =

∑
i
→
c ieii 0 0
0 0 0
0 0 −∑i→c ieii
 , Eji =
 −eji 0 00 0 0
0 0 eij
 ,
V ij =
 0 0 eij − eji0 0 0
0 0 0
 , U iI =
 0 eiI 00 0 eIi
0 0 0
 , (2.24)
where the matrices are partitioned with appropriate dimensions which can
be read from the non-zero entries and eab is a matrix with appropriate dimen-
sions and which has zero entries, except a {+1} entry at the a’th row and
the b’th column. Notice that the indices i, j = 1, ..., 10−D and I = 1, ..., N
determine the dimensions of the matrices eab. As it is mentioned in [22] the
matrices {Hi, Eji , V ij, U iI} form up an algebra and they can be embedded
in a fundamental representation of o′(10 − D + N, 10 − D). As a matter
of fact they generate the solvable Lie algebra of o′(10 − D + N, 10 − D) in
each dimension thus the parametrization of the coset in (2.23) is nothing
but an example of the solvable Lie algebra gauge. This result justifies the
prediction that the global internal symmetry group of the scalar lagrangian
is O′(10 − D + N, 10 − D) and the scalar manifold for the D-dimensional
compactified theory with N gauge multiplet couplings becomes
O′(10−D +N, 10−D)
O(10−D +N)× O(10−D) × R. (2.25)
The extra R factor arises since there is an additional dilaton which is de-
coupled from the rest of the scalars in the scalar lagrangian. The group
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O′(10−D +N, 10−D)×R is the global internal symmetry of not only the
scalar lagrangian but the entire D-dimensional bosonic lagrangian as well.
The lagrangian (2.15) upon the above mentioned restoration, in terms of the
newly defined fields can be written as
LD = R ∗ 1− 1
2
∗ dφ ∧ dφ+ 1
4
tr(∗dM−1 ∧ dM)
− 1
2
e−
√
8/(D−2)φ ∗ F(3) ∧ F(3) − 1
2
e−
√
2/(D−2)φ ∗HT(2) ∧MH(2), (2.26)
where
H(2) = dC(1), (2.27)
in which we define
C(1) =
 A(1)iBI(1)
Ai(1)
 , (2.28)
which is a column vector of dimension (20 − 2D + N). The field strength
F(3) in (2.26) can be given in a compact form for any dimension as
F(3) = dA(2) +
1
2
CT(1) Ω dC(1). (2.29)
The definitions of the potentials introduced in (2.26) in terms of the orig-
inal potentials which come from the Kaluza-Klein reduction in (2.15) can
be referred in [22]. In this work, to derive the field equations in the follow-
ing sections we will consider the potentials used to construct (2.26) as our
starting point. In addition to the general D-dimensional lagrangian (2.26)
furthermore the D = 4 and the D = 3 cases can be studied separately,
since they have global symmetry enhancements over the general scheme of
O′(10−D+N, 10−D)×R [22]. One may define additional scalars in these
dimensions by dualizing certain fields by applying the lagrange multiplier
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methods. When the two-form potential A(2) is dualized with an additional
axion in D = 4, an axion-dilaton, SL(2,R) system is decoupled from the
rest of the scalars in the scalar lagrangian and the enlarged D = 4 scalar
manifold becomes
O′(6 +N, 6)
O(6)× O(6 +N) ×
SL(2,R)
O(2)
. (2.30)
On the other hand in D = 3, the bosonic fields (Ai(1), A(1)i, BI(1)) can be
dualized to give 7 + 7 +N additional axions. In this case the entire bosonic
sector comes out to be composed of only the scalars. The D = 3 enlarged
scalar manifold then becomes
O′(8 +N, 8)
O(8)× O(8 +N) . (2.31)
We see that all of the global internal symmetry groups in (2.25), (2.30)
and (2.31) apart from the contributions of the decoupled scalars namely the
groups O′(10−D +N, 10−D), O′(6 +N, 6), O′(8 +N, 8) are non-compact
real forms of semi-simple Lie groups and they enable solvable Lie algebra
parametrizations of the cosets that are generated by the denominator groups
O(10−D+N)×O(10−D), O(6)×O(6+N), O(8)×O(8+N), respectively.
3 The General Formalism for the SSSM with
Couplings
In this section we will construct the general formulation of the abelian gauge
matter, dilaton and Chern-Simons couplings of the generic symmetric space
sigma model (SSSM) [19, 26, 27, 28, 29] under the solvable Lie algebra
parametrization. We will derive the field equations for a general theory and
then we will give a number of examples on which we can apply the results.
Also in the next section we will use the results to write down the field equa-
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tions of theD-dimensional low energy effective theory of the E8×E8 heterotic
string which is studied in the previous section. The general formalism and
the field equations are already derived for the symmetric space sigma model
and the abelian matter coupled symmetric space sigma model in [28, 29] and
[23] respectively under the solvable Lie algebra gauge. Therefore in this sec-
tion we extend the construction of [23] further by including a dilaton and a
Chern-Simons coupling.
We will first construct the scalar lagrangian by using the solvable Lie alge-
bra parametrization [17] for the coset representatives. In the last section we
have seen that the toroidally compactified heterotic string gives the Maxwell-
Einstein supergravities in D-dimensions. The scalars decoupled from a single
dilaton are governed by symmetric space sigma models. The scalar fields pa-
rameterize the scalar coset manifold O′(10 − D + N, 10 − D)/O(10 − D +
N)×O(10−D) where O′(10−D +N, 10−D) is in general a non-compact
real form of a semi-simple Lie group and O(10−D +N)×O(10−D) is its
maximal compact subgroup. For this reason the scalar manifold is a Rieman-
nian globally symmetric space for all the O′(10 − D + N, 10 − D)-invariant
Riemannian structures on it [18].
In this section we will use a slightly different notation. We will take
the representation of the global symmetry group as O(10−D, 10−D +N)
whose (20−2D+N)-dimensional real matrix elements A satisfy the defining
relation
ATηA = η, (3.1)
where
η = diag(−,−, ...,−,+,+, ...,+), (3.2)
is the indefinite signature metric with 10−D minus signs and 10−D+N plus
signs. Although the set of matrices defined in (2.20) and (3.1) may differ the
groups they form are isomorphic to each other [30]. Thus in this section we
will base our formulation on the scalar coset which is the conventional one
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used in the construction of the Maxwell-Einstein supergravities in [31, 32, 33].
To construct the symmetric space sigma model lagrangian for the scalar
coset manifold,
O(10−D, 10−D +N)
O(10−D)× O(10−D +N) , (3.3)
one may make use of the solvable Lie algebra parametrization [17] for the
parametrization of the coset representatives. The solvable Lie algebra gauge
or the parametrization is a consequence of the Iwasawa decomposition [18]
o(10−D, 10−D +N) = k0 ⊕ s0
= k0 ⊕ hk ⊕ nk,
(3.4)
where k0 is the Lie algebra of O(10−D)×O(10−D+N) which is a maximal
compact subgroup of O(10−D, 10−D+N) and s0 is a solvable Lie subalgebra
of o(10−D, 10−D+N). In (3.4) hk is a subalgebra of the Cartan subalgebra
h0 of o(10 − D, 10 − D + N) which generates the maximal R-split torus in
O(10 − D, 10 − D + N) [18, 27, 29]. The nilpotent Lie subalgebra nk of
o(10 − D, 10 − D + N) is generated by a subset {Em} of the positive root
generators of o(10 −D, 10 −D + N) where m ∈ ∆+nc. The roots in ∆+nc are
the non-compact roots with respect to the Cartan involution θ induced by
the Cartan decomposition [18, 23, 29]
o(10−D, 10−D +N) = k0 ⊕ u0, (3.5)
where u0 is a vector subspace of o(10−D, 10−D +N). We should remark
that when the Lie group O(10−D, 10−D+N) is in split real form (maximally
non-compact) [18] then for a Cartan decomposition and a resulting Iwasawa
decomposition the solvable Lie algebra s0 in (3.4) coincides with the Borel
subalgebra which is generated by all the simple root Cartan generators {Hα}
(or any other basis) of h0 and the positive root generators {Eα | α ∈ ∆+}
17
[19]. The split real form global symmetry groups are of the form O(n, n),
O(n+ 1, n), O(n, n+ 1) [21].
Since we have [21]
dims0 = (10−D)× (10−D +N), (3.6)
by coupling (10−D)× (10−D+N) scalars to the generators of the solvable
Lie algebra s0 we can parameterize the representatives of the scalar coset
manifold in the solvable Lie algebra gauge as [18]
ν = e
1
2
φiHieχ
mEm, (3.7)
where {Hi} for i = 1, ..., dim(hk) ≡ r are the generators of hk and {Em}
for m ∈ ∆+nc are the positive root generators which generate nk. The scalars
{φi} for i = 1, ..., r are called the dilatons and {χm} for m ∈ ∆+nc are called
the axions. The coset representatives ν satisfy the defining relation of O(10−
D, 10−D +N) namely
νTην = η. (3.8)
If we assume that we choose the (20 − 2D + N)-dimensional fundamental
representation for the algebra o(10 − D, 10 − D + N) and if we define the
internal metric
M = νT ν, (3.9)
then the scalar lagrangian which governs the (10−D)× (10−D+N) scalar
fields of the theory can be constructed as
Lscalar = 1
4
tr(∗dM−1 ∧ dM). (3.10)
Since in this work our main perspective is the derivation of the field equations
of the toroidally compactified heterotic string we take the scalar coset as
O(10−D, 10−D +N)/O(10−D)× O(10−D +N) however it is obvious
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that our analysis is valid for any scalar coset of the form O(p, q)/O(p)×O(q).
As we have assumed a (20− 2D+N)-dimensional representation for the Lie
algebra o(10−D, 10−D +N) we can couple (20− 2D +N) abelian gauge
fields AI and a dilaton σ to the scalars as [23, 26, 27, 28, 29]
Lm = c2eα1σ ∗ F ∧MF
= c2e
α1σMIJ ∗ F I ∧ F J , (3.11)
where the field strengths of the gauge fields are defined to be F I = dAI .
Furthermore one can couple a two-form field B to the other field content by
introducing the Chern-Simons three-form
G = dB + c4ηIJA
I ∧ F J , (3.12)
which becomes the field strength of B indeed. We are ready to write down
the general lagrangian of the O(p, q)/O(p)×O(q) scalar coset which has the
abelian gauge, Chern-Simons and the dilaton couplings in D-dimensional
spacetime,
L = c1 ∗ dσ ∧ dσ + c2eα1σ ∗ F ∧MF
+
1
4
tr(∗dM−1 ∧ dM) + c3eα2σ ∗G ∧G.
(3.13)
Our field content becomes {σ,AI , B, φj, χm} in which we have (10 − D) ×
(10−D +N) scalars of the coset, (20− 2D +N) abelian gauge fields AI , a
two-form B and a single dilaton σ which we take to be decoupled from the
rest of the scalars that parameterize the scalar coset manifold.
We will first vary the lagrangian (3.13) with respect to the dilaton σ. The
Euler-Lagrange equation [34] which yields the vanishing of the variation of
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(3.13) with respect to σ gives
(−1)(D−1)d(2c1 ∗ dσ) =c3α2eα2σ ∗G ∧G
+ c2α1e
α1σMIJ ∗ F I ∧ F J .
(3.14)
The left hand side comes from the variation of the kinetic term of the dilaton
in (3.13) and the terms in the right hand side arise due to the coupling of the
dilaton to the other fields. Since the lagrangian (3.13) does not explicitly de-
pend on B the variation of it with respect to B will yield the Euler-Lagrange
equation which defines a closed form. It is
− (−1)(D+1)d(c3eα2σ(2 ∗ dB + 2c4ηIJ ∗ (AI ∧ F J))) = 0. (3.15)
By using the definition of the Chern-Simons three-form given in (3.12) we
can write (3.15) as
d(eα2σ ∗G) = 0. (3.16)
We will now vary the lagrangian (3.13) with respect to the abelian gauge
fields AI . The Euler-Lagrange equations of motion read
0 =(−1)3(D−3)2c3c4eα2σηIKFK ∧ (∗dB + c4ηLM ∗ (AL ∧ FM))
+ d(c2e
α1σ(MIJ ∗ dAJ +MJI ∗ dAJ)
+ 2c3c4e
α2σ(∗dB + c4ηLM ∗ (AL ∧ FM)) ∧ ηJIAJ).
(3.17)
Bearing in mind that from its definition in (3.9) the internal metric M is
symmetric so that
MIJ =MJI , (3.18)
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also by using the definition of the Chern-Simons form in (3.12) the Euler-
Lagrange equations (3.17) for the gauge fields AI can be written as
(−1)3(D−3)c3c4eα2σηIKFK ∧ ∗G =− d(c2eα1σMIJ ∗ dAJ)
− d(c3c4eα2σ ∗G ∧ ηJIAJ).
(3.19)
Now by acting the exterior derivative the last term in (3.19) can be written
as
−d(c3c4eα2σ ∗G ∧ ηJIAJ) =− c3c4(d(eα2σ ∗G) ∧ ηJIAJ
+ (−1)(D−3)eα2σ ∗G ∧ ηJIdAJ).
(3.20)
If we use the field equation (3.16) of the two-form field B above and insert
the result back in (3.19) we obtain
(−1)3(D−3)c3c4eα2σηIKFK ∧ ∗G =− d(c2eα1σMIJ ∗ dAJ)
− (−1)(D−3)c3c4eα2σ ∗G ∧ ηJIdAJ .
(3.21)
Noting that η is symmetric,
ηIJ = ηJI , (3.22)
we can finally write the field equations of AI as
d(c2e
α1σMIJ ∗ F J) = (−1)D2c3c4eα2σηIJF J ∧ ∗G, (3.23)
which we will compactly express in matrix form as
d(c2e
α1σM∗ F ) = (−1)D2c3c4eα2σηF ∧ ∗G. (3.24)
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One can take the internal metric out of the exterior derivative on the left
hand side above to obtain
d(c2e
α1σ ∗ F ) =− c2eα1σM−1dM∧ ∗F
+ (−1)D2c3c4eα2σM−1ηF ∧ ∗G.
(3.25)
We may also express the field equations (3.23) in terms of the Cartan-Maurer
form
G = dνν−1. (3.26)
Before going in that direction we should remark on certain identities which
the general coset representatives (3.7) satisfy. First of all since
νν−1 = ν−1ν = 1, (3.27)
taking the exterior derivative of both sides yields the identities
dνν−1 = −νdν−1, dν−1ν = −ν−1dν. (3.28)
Also as η is a symmetric matrix and
η2 = 1, (3.29)
starting from (3.8) one can derive the following identities
ηνTη = ν−1, ην−1η = νT , νηνT = η,
ν−1η(νT )−1 = η, ηνη = (νT )−1, η(νT )−1η = ν. (3.30)
Since η is a constant matrix one can take the exterior derivative of the above
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identities to obtain
ηdνTη = dν−1, ηdν−1η = dνT , ηdνη = d(νT )−1. (3.31)
Due to the definition of the coset elements in (3.7) we also have
(νT )−1 = (ν−1)T . (3.32)
In order to write the field equations of AI in terms of the Cartan-Maurer
form G starting from (3.24) we can proceed as follows
d(c2e
α1σM∗ F ) =c2eα1σdνT ∧ ν ∗ F
+ νT (c2e
α1σdν ∧ ∗F + νd(c2eα1σ ∗ F )).
(3.33)
Inserting this result back in (3.24) we obtain
d(c2e
α1σ ∗ F ) =− c2eα1σν−1dν ∧ ∗F
− c2eα1σν−1(dνν−1)Tν ∧ ∗F
+ (−1)D2c3c4eα2σν−1(νT )−1ηF ∧ ∗G.
(3.34)
Now multiplying the above equation with η on both sides and then using the
identities (3.28)-(3.32) effectively we obtain
d(c2e
α1ση ∗ F ) =c2eα1σdνT (νT )−1 ∧ η ∗ F
+ c2e
α1σνT (dνν−1)(νT )−1 ∧ η ∗ F
+ (−1)D2c3c4eα2σMF ∧ ∗G.
(3.35)
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By using
dνT (νT )−1 = νTGT (νT )−1, (3.36)
finally we can express (3.24) in terms of the Cartan-Maurer form (3.26) as
d(c2e
α1ση ∗ F ) =c2eα1σ(νT (GT + G)(νT )−1) ∧ η ∗ F
+ (−1)D2c3c4eα2σMF ∧ ∗G.
(3.37)
For the generic non-split scalar cosets the Cartan-Maurer form G is calculated
explicitly in terms of the coset scalars namely the dilatons {φi} and the axions
{χm} in [29]. It reads
G = 1
2
dφiHi + e
1
2
βiφ
i
UβEβ
=
1
2
dφiHi +
⇀
E′ Ω
⇀
dχ,
(3.38)
where {Hi} for i = 1, ..., r are the generators of hk and {Eβ} for β ∈ ∆+nc are
the generators of nk as we have already defined before. We have introduced
the column vector
Uα = Ωαβdχ
β, (3.39)
and the row vector
(
⇀
E′)β = e
1
2
βiφiEβ, (3.40)
where the components of the roots β ∈ ∆+nc are defined as
[Hi, Eβ] = βiEβ. (3.41)
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Also Ω is a dimnk×dimnk matrix
Ω =
∞∑
m=0
ωm
(m+ 1)!
= (eω − I)ω−1.
(3.42)
The components of the matrix ω are
ωγβ = χ
αKγαβ. (3.43)
The structure constants Kγαβ are defined as
[Eα, Eβ] = K
γ
αβEγ. (3.44)
In other words since
[Eα, Eβ] = Nα,βEα+β, (3.45)
we have
Kαβγ = Nβ,γ if β + γ = α , K
α
βγ = 0 if β + γ 6= α,
Kαββ = 0. (3.46)
The reason why we have written the field equations of the gauge fields AI
(3.24) in terms of the Cartan-Maurer form G in (3.37) becomes clear now.
After choosing a (20−2D+N)-dimensional representation for the Lie algebra
o(10 − D, 10 − D + N) (thus for the solvable Lie subalgebra s0) and after
expressing the coset representatives (3.7) and the internal metric (3.9) as
matrices one can insert (3.38) in (3.37) to write the later explicitly in terms
of the coset scalars φi and χm.
The terms in the lagrangian (3.13) which contain the coset scalars φi and
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χm are
L(φi, χm) = 1
4
tr(∗dM−1 ∧ dM) + c2eα1σ ∗ F ∧MF. (3.47)
By using the results of [26, 28, 29] we can write (3.47) as
L(φi, χm) = −1
2
tr(∗G ∧ GT + ∗G ∧ G) + c2eα1σ ∗ F ∧MF. (3.48)
Furthermore by using (3.38) we have
L(φi, χm) =− 1
2
r∑
i=1
∗dφi ∧ dφi − 1
2
∑
β∈∆+nc
eβiφ
i ∗ Uβ ∧ Uβ
+ c2e
α1σ ∗ F ∧MF.
(3.49)
Following the outline of [26, 27] which treat Uα as independent fields and
then use the Lagrange multiplier formalism the field equations of φi and χm
arising from the variation of (3.49) have been derived in [23]. They can be
given as
d(e
1
2
γiφi ∗ Uγ) = −1
2
γje
1
2
γiφidφj ∧ ∗Uγ
+
∑
τ−β=−γ
e
1
2
τiφie
1
2
βiφiNτ,−βU
τ ∧ ∗Uβ ,
d(∗dφi) = 1
2
∑
β∈∆+nc
βie
1
2
βjφ
j
Uβ ∧ e 12βjφj ∗ Uβ
+ (−1)Dc2eα1σ((Hi)ANνNMνAJ ) ∗ FM ∧ F J ,
(3.50)
τ, β, γ ∈ ∆+nc and i = 1, ..., dim(hk) ≡ r. The matrices {(Hi)AN} are the
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ones corresponding to the generators {Hi} in the (20−2D+N)-dimensional
representation chosen. By also referring to [28] the field equations in (3.50)
can more compactly be written as
d(eγiφ
i ∗ Uγ) =
∑
α−β=−γ
Nα,−βU
α ∧ eβiφi ∗ Uβ ,
d(∗dφi) = 1
2
∑
β∈∆+nc
βie
1
2
βjφjUβ ∧ e 12βjφj ∗ Uβ
+ (−1)Dc2eα1σ ∗ F ∧ νTHiνF.
(3.51)
It is worth stating that the last term in the second equation above arises from
the variation of the matter lagrangian (3.11) with respect to the dilaton φi.
A similar term is missing for the axions χm owing to the Lagrange multiplier
method used in the derivation of the corresponding field equations [26, 28].
Therefore we have
(−1)Dc2eα1σ ∗ F ∧ νTHiνF = (−1)D ∂Lm
∂φi
. (3.52)
From (3.11)
∂Lm
∂φl
=
∂(c2e
α1σMIJ ∗ F I ∧ F J)
∂φl
=
∂(c2e
α1σνAI ν
A
J ∗ F I ∧ F J)
∂φl
= c2e
α1σ(∂lν
A
I ν
A
J + ν
A
I ∂lν
A
J ) ∗ F I ∧ F J .
(3.53)
Since in the parametrization (3.7) the dilatons φi are coupled to the Cartan
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generators Hi which commute among themselves within the Cartan subalge-
bra structure of o(10−D, 10−D +N) one can easily show that
∂ν
∂φl
≡ ∂lν = 1
2
Hlν. (3.54)
Thus we have
∂lν
A
I = (∂lν)
A
I = (
1
2
Hlν)
A
I =
1
2
(Hl)
A
Nν
N
I . (3.55)
Inserting this result back in (3.53) we obtain
∂Lm
∂φl
= c2e
α1σ(
1
2
(Hl)
A
Nν
N
I ν
A
J +
1
2
νAI (Hl)
A
Nν
N
J ) ∗ F I ∧ F J . (3.56)
Now since both F I and F J are two-forms by using the identity
(Hl)
A
Nν
N
I ν
A
J ∗ F I ∧ F J = (Hl)ANνNI νAJ ∗ F J ∧ F I , (3.57)
and by arranging the indices above we conclude that
∂Lm
∂φl
= c2e
α1σνAI (Hl)
A
Nν
N
J ∗ F I ∧ F J
= c2e
α1σ ∗ F ∧ νTHlνF,
(3.58)
which justifies its existence in (3.51). In this section we have derived the set
of equations (3.14), (3.16), (3.24) and (3.51) which are the field equations
of the O(p, q)/O(p)× O(q) symmetric space sigma model coupled generally
to a dilaton, a certain number of abelian gauge fields and a two-form which
is coupled through its Chern-Simons field strength. We have shown that
the equations (3.24) can be expressed more explicitly in terms of the coset
scalars through the calculation of the Cartan-Maurer form. Thus we have
also derived a simplified set of equations namely the equations (3.37) as al-
ternatives of (3.24). The equations (3.50) are also written more compactly
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in (3.51). Before we link our results to the D-dimensional toroidally com-
pactified heterotic string we will give three examples on which the results we
have obtained are applicable.
3.1 The D=7 Case
The bosonic lagrangian of the N = 2, D = 7 Maxwell-Einstein supergravity
is constructed in [31] as
L = 1
2
R ∗ 1− 5
8
∗ dσ ∧ dσ − 1
2
e2σ ∗G ∧G
+
1
4
tr(∗dM−1 ∧ dM)− 1
2
eσF ∧M ∗ F,
(3.59)
where the coupling between the field strengths F I = dAI for I = 1, ..., N +3
and the scalars which parameterize the coset SO(N, 3)/SO(N)×SO(3) can
be explicitly written as
− 1
2
eσF ∧M ∗ F = −1
2
eσMIJF I ∧ ∗F J . (3.60)
In writing (3.59) we have assumed the (N +3)-dimensional matrix represen-
tation of so(N, 3). The Chern-Simons form G is defined as [31]
G = dB − 1√
2
ηIJ A
I ∧ F J , (3.61)
where η = diag(−,−,−,+,+, ...,+) is the invariant tensor of SO(N, 3). If
we compare (3.59) with (3.13) we see that
c1 = −5
8
, c2 = c3 = −1
2
,
α1 = 1 , α2 = 2. (3.62)
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Also comparing (3.61) with (3.12) yields
c4 = − 1√
2
. (3.63)
Thus with the above identification of the coefficients (3.14), (3.16), (3.24)
and (3.51) give us the bosonic field equations of the N = 2, D = 7 Maxwell-
Einstein supergravity in a general solvable Lie algebra parametrization of
the coset SO(N, 3)/SO(N) × SO(3). We should state that although this
coset is different than the one we have assumed in (3.3) the formal, abstract
construction of the lagrangian in the solvable Lie algebra gauge we have
performed for (3.3) is also valid for SO(N, 3)/SO(N)× SO(3).
3.2 The D=8 Case
The lagrangian of the bosonic sector of the N = 1, D = 8 Maxwell-Einstein
supergravity is given as [32]
L = 1
4
R ∗ 1 + 3
8
∗ dσ ∧ dσ − 1
2
e2σ ∗G ∧G
+
1
4
tr(∗dM−1 ∧ dM)− 1
2
eσF ∧M ∗ F.
(3.64)
The Chern-Simons three-form G is
G = dB + ηIJF
I ∧AJ , (3.65)
with I, J = 1, ..., N + 2. Apart from the single dilaton the rest of the scalars
parameterize the coset manifold SO(N, 2)/SO(N)×SO(2) and the SO(N, 2)
invariant tensor η is η = diag(−,−,+,+, ...,+). We again assume that we
choose an (N + 2)-dimensional matrix representation of so(N, 2). Again if
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we compare (3.64) with (3.13) in this case we have
c1 =
3
8
, c2 = c3 = −1
2
,
α1 = 1 , α2 = 2. (3.66)
Also from (3.65) and (3.12) we have
c4 = 1. (3.67)
If the coefficients are chosen as above then (3.14), (3.16), (3.24) and (3.51)
correspond to the bosonic field equations of the N = 1, D = 8 Maxwell-
Einstein supergravity in a general solvable Lie algebra parametrization of
the coset SO(N, 2)/SO(N)× SO(2).
3.3 The D=9 Case
As a final example we will consider the N = 1, D = 9 Maxwell-Einstein
supergravity [33]. The bosonic lagrangian of the N = 1, D = 9 Maxwell-
Einstein supergravity can be given as [33]
L = −1
4
R ∗ 1 + 7
4
∗ dσ ∧ dσ + 1
2
e−4σ ∗G ∧G
+
1
4
tr(∗dM−1 ∧ dM)− 1
2
e−2σF ∧M ∗ F.
(3.68)
In this case the scalars of the coupling abelian vector multiplets parameterize
the scalar coset SO(N, 1)/SO(N). The Chern-Simons three-form is taken as
G = dB + ηIJA
I ∧ F J , (3.69)
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with I, J = 1, ..., N + 1. We assume an (N + 1)-dimensional matrix rep-
resentation of so(N, 1). Similar to the D = 7 and D = 8 cases we have
η = diag(−,+,+, ...,+) which is the invariant tensor of SO(N, 1). The com-
parison of (3.68) and (3.69) with (3.13) and (3.12) respectively specifies the
coefficients as
c1 =
7
4
, c2 = −1
2
, c3 =
1
2
,
α1 = −2 , α2 = −4 , c4 = 1. (3.70)
Therefore again with the above identification of the coefficients (3.14), (3.16),
(3.24) and (3.51) become the bosonic field equations of the N = 1, D = 9
Maxwell-Einstein supergravity for a general solvable Lie algebra parametriza-
tion of the coset SO(N, 1)/SO(N). We should remark that the discussion we
have made for the replacement of (3.3) with the coset SO(N, 3)/SO(N)×
SO(3) of the D = 7 case is also valid for the D = 8 coset SO(N, 2)/SO(N)×
SO(2) and the D = 9 coset SO(N, 1)/SO(N).
4 Field Equations of the D-dimensional Het-
erotic String
In section two we have given the bosonic lagrangian of the toroidally com-
pactified E8 × E8 low energy effective heterotic string. The Kaluza-Klein
reduction produces the scalar manifolds which are in the form of (2.25). The
scalar lagrangian is written as (2.22) by using the explicit representation
(2.24) of the generators of the solvable Lie algebra of o′(10−D+N, 10−D)
in the coset parametrization (2.23). As we have already mentioned before
the importance of this formulation is that it is based on the Kaluza-Klein
descendant fields. In section three however we have taken our scalar coset
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manifold explicitly as O(10−D, 10−D +N)/O(10−D)×O(10−D +N)
whose definition originates from the indefinite signature metric (3.2). We
have to remark two points now. Firstly in the definition of the generalized
orthogonal groups O(p, q) the indefinite signature metric can be replaced by
any symmetric matrix which has p positive and q negative eigenvalues. The
resulting group of matrices may differ from each other from their set con-
tent point of view however their group structures are all isomorphic to each
other [30]. Also since Spin(p, q) is a double cover of O(p, q) and since it is
isomorphic to Spin(q, p) [35] we have the isomorphisms
O′(10−D +N, 10−D) ≃ O′(10−D, 10−D +N)
≃ O(10−D +N, 10−D) ≃ O(10−D, 10−D +N).
(4.1)
Thus we observe that from the algebraic point of view the choice of the global
symmetry group representation among (4.1) which defines the scalar coset
manifold is unimportant. However the choice of O′(10 −D + N, 10 −D) is
distinct since it arises naturally during the Kaluza-Klein reduction in [22].
On the other hand the choice of the global symmetry group representation
effects the structure of the field equations via the indefinite metric which
explicitly appears in the equations. The second point we should emphasize
on is that the properties of η which we have made use of to derive the bosonic
field equations of the scalar coset with couplings in the previous section are
all shared by Ω. First of all as it can be deduced directly from (2.21)
Ω2 = 1. (4.2)
Also since Ω is a symmetric matrix and the coset representatives (2.23) of
O′(10−D+N, 10−D)/O(10−D+N)×O(10−D) satisfy (2.20) the identities
(3.27)-(3.32) are shared by Ω and the coset representatives (2.23). Therefore
we may conclude that we may replace η by Ω in the formulation performed
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in the last section, thus our results can be extended to the Kaluza-Klein
scalar coset representation of section two. In other words all the formulas of
section three are legitimately correct when one replaces η by Ω taking the
scalar coset manifold as O′(10−D+N, 10−D)/O(10−D+N)×O(10−D).
One final remark we should do before writing down the field equations of
the heterotic string is about the coset parametrization. Comparing the coset
parametrizations (2.23) and (3.7) which are both based on the solvable Lie
algebra of the global symmetry group one sees that one needs a transforma-
tion to relate the fields {ϕi, Ai(0)j , A(0)ij , BI(0)i} to the ones {φi, χm}. Thus
one should consider the equality of the two coset parametrizations
e
1
2
ϕiHie
Ai
(0)j
Ej
i e
1
2
A(0)ijV
ij
e
BI
(0)i
U i
I = e
1
2
φiHieχ
mEm , (4.3)
bearing in mind that while the solvable Lie algebra generators on the left
hand side are fixed by the representation chosen and by their embedding in
o′(10 − D + N, 10 − D) which is discussed in [22], the solvable Lie algebra
generators on the right hand side are completely arbitrary. The transfor-
mation can be calculated in two ways; either after choosing the basis on
both sides of (4.3) the same, one considers local scalar fields whose ranges in
the exponential generate solvable Lie algebra elements in a sufficiently small
neighborhood of the identity element so that (4.3) is valid in any represen-
tation chosen for the algebra, thus giving the transformations explicitly as
a matrix equation 2 or after determining another solvable Lie algebra s0 of
o′(10 − D + N, 10 − D) through a selection of an Iwasawa decomposition
on the right hand side of (4.3), one may identify the matrix representa-
tives of any basis of this solvable Lie algebra {Hi, Em} in the representation
generated by (2.24) then one can find the field transformations from (4.3)
explicitly again. Despite the locality of the first method by following the
second method one may find global field transformations which depend on
2A similar discussion leads to the differential form of such scalar field transformations
in [29].
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the particular representation of section two. Therefore keeping in mind that
one can always find such transformations between the scalar field definitions
of the two different coset parametrizations as discussed above, in writing the
field equations of the D-dimensional compactified heterotic string we will
assume a coset parametrization in the form of (3.7) for the scalar coset man-
ifold O′(10−D +N, 10−D)/O(10−D +N)×O(10−D) which is the one
used in the previous section. Comparing the lagrangians (2.26) and (3.13)
we firstly observe that
η → Ω. (4.4)
Then
c1 = c2 = c3 = −1
2
,
α1 = −
√
2
(D − 2) , α2 = −
√
8
(D − 2) . (4.5)
Also
σ ≡ φ, G ≡ F(3), CI(1) ≡ AI ,
B ≡ A(2), F I ≡ HI(2). (4.6)
Furthermore
F(3) = dA(2) +
1
2
CT(1) Ω dC(1)
= dA(2) +
1
2
ΩIJ C
I
(1) ∧ dCJ(1),
(4.7)
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which is in the form of (3.12) with the identification of the coupling constant
as
c4 =
1
2
. (4.8)
We may conclude that in the light of these identifications the formalism
which appears in section two is in parallel with the general one constructed
in section three differing only in the scalar coset representation. Finally upon
the discussion we have made about the coset parametrizations, if we consider
the field redefinitions and the substitutions mentioned above in the formalism
of the previous section a similar line of derivation would give us the bosonic
field equations of the D-dimensional toroidally compactified E8 × E8 low
energy effective heterotic string as
(−1)Dd(∗dφ) = 1
2
√
8/(D − 2) e−
q
8
(D−2)
φ ∗ F(3) ∧ F(3)
+
1
2
√
2/(D − 2) e−
q
2
(D−2)
φMIJ ∗HI(2) ∧HJ(2),
d(e
−
q
8
(D−2)
φ ∗ F(3)) = 0,
d(e
−
q
2
(D−2)
φM∗H(2)) = (−1)De−
q
8
(D−2)
φ
ΩH(2) ∧ ∗F(3),
d(∗dφi) = 1
2
∑
β∈∆+nc
βie
1
2
βjφ
j
Uβ ∧ e 12βjφj ∗ Uβ
− 1
2
(−1)De−
q
2
(D−2)
φ ∗H(2) ∧ νTHiνH(2),
d(eγiφ
i ∗ Uγ) =
∑
α−β=−γ
Nα,−βU
α ∧ eβiφi ∗ Uβ , (4.9)
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where the coset representatives
ν = e
1
2
φiHieχ
mEm, (4.10)
satisfy the defining relation of O′(10−D +N, 10−D) namely
νTΩν = Ω, (4.11)
and they parameterize the coset
O′(10−D +N, 10−D)/O(10−D +N)× O(10−D), (4.12)
as we have discussed in detail above. Before concluding we will discuss one
more point. One may investigate the relation between the two formulations
considered in this section also in section two and the one introduced in sec-
tion three which are constructed over different scalar coset representations
although they are two equivalent formulations of the same theory. This is a
matter of interest since when we take a look at (4.7) and (4.9) we see that as
Ω is a non-diagonal matrix there is a degree of mixing of the abelian gauge
fields and their field strengths in the Chern-Simons three-form (4.7). This
mixing brings a certain complexity of coupling in the field equations (4.9).
However in the formulation of section three this mixing is avoided since η
is a diagonal matrix. Thus the field equations obtained by using the scalar
coset representation based on η involve less coupling which may be a sim-
plification and an advantage in seeking solutions. One may find solutions
in the η-formulation and then pass to the Kaluza-Klein field content by us-
ing the field transformations upon the assumption that the lagrangians of
these two distinct formulations are equal. This approach is different than
the one used above which derives the field equations of the D-dimensional
heterotic string solely in the Ω-formulation. More specifically one would
consider the equality of the two lagrangians which are based on the scalar
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coset manifolds of O′(10−D+N, 10−D)/O(10−D+N)×O(10−D) and
O(10−D, 10−D +N)/O(10−D)×O(10−D +N) respectively 3. In this
case one has to calculate the field transformations between the constructions
based on two different scalar coset representations. We may calculate the
transformations of the field contents by equating the two lagrangians (2.26)
and (3.13) which are based on different scalar coset matrix structures. If we
do so we see that all the previous coupling constant and field equivalences
mentioned in this section are valid except the ones for AI and the coset
scalars since in this case we have
1
2
ΩIJ C
I
(1) ∧ dCJ(1) = c4ηIJAI ∧ F J , (4.13)
and
− 1
2
e−
√
2/(D−2)φ ∗HT(2) ∧MH(2) = c2eα1σ ∗ F ∧MF. (4.14)
On the left hand side of the above equation the coset parametrization is
(2.23) and on the right hand side it is (3.7). If one assumes a transformation
between the gauge fields CI(1) and A
I of the two formulations in the form
C(1) = TA, (4.15)
where T is a (20−2D+N)×(20−2D+N) matrix then by choosing c4 = 1/2
again one finds that from (4.13) T must satisfy
T TΩT = η. (4.16)
3Note that although we have used the first coset structure for the D-dimensional het-
erotic string in section two and four and the second one in our general formalism in section
three we have made use of the results of section three for theD-dimensional heterotic string
by simply substituting Ω instead of η owing to the similar properties of these two metrics
which take part in the derivation of the field equations. However we have not mentioned
relating these two formulations before.
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Inserting (4.15) in (4.14) one also finds that
ν ′ = νT. (4.17)
Since Ω is a symmetric matrix and since any symmetric matrix can be diago-
nalized in the form (4.16) with T ∈ O(20−2D+N) [36, 37, 38] one can find
the transformation matrix T to relate the two different set of gauge fields. Af-
ter determining the solvable Lie algebra s0 of O(10−D, 10−D+N) through a
selection of an Iwasawa decomposition (3.4) one may choose a (20−2D+N)-
dimensional matrix representation to express the basis {Hi, Em} and then
from (4.17) one may also find the transformation rules of the coset scalars
between the two scalar coset formulations. In this way one may solve the
field equations in the η-formulation which are less coupled and then pass to
the field content obtained by the direct Kaluza-Klein reduction.
Although this method may look tempting we should also point out that
the transformations obtained in this way can not cover the entire solution
space thus they may be highly restrictive. The reason for this lies in the pro-
cess of equating the two lagrangians (2.26) and (3.13) and obtaining (4.17).
We have stated before that although the groups are isomorphic the matrix
contents of the sets O′(10−D+N, 10−D) and O(10−D, 10−D+N) may
be quite different for example
Ω ∈ O′(10−D +N, 10−D), Ω /∈ O(10−D, 10−D +N),
η ∈ O(10−D, 10−D +N), η /∈ O′(10−D +N, 10−D).
(4.18)
Thus the transformations (4.17) can exist only for the localized coset scalars
which would lead to the coset representatives that lie in O′(10−D+N, 10−D)
when the representatives in O(10−D, 10−D+N) are translated by T from
the right. On the other hand due to the generalized formulation of section
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three one has the degree of freedom of defining {φi, χm} from a rich choice of
alternatives of the Iwasawa decomposition, the solvable Lie algebra, the basis
{Hi, Em} and the matrix representations of the Lie algebra o(10 − D, 10 −
D+N). Finally we may state that to justify the transformations (4.17) one
should focus on matching the coset representative images of the solvable Lie
algebra parametrizations of the two distinct scalar coset structures of section
two and section three via the right-translation by T .
5 Conclusion
A review of the Kaluza-Klein dimensional reduction [22] of the bosonic sector
of the ten dimensional N =1 simple supergravity that is coupled toN abelian
gauge multiplets [8, 9] on the tori T 10−D which describes the massless sector
of the E8 × E8 heterotic string theory [14] is given in section two. Then
we have derived the field equations of the general symmetric space sigma
model with dilaton, abelian matter and Chern-Simons couplings in section
three. In section four we have used the results of section three to express the
bosonic field equations of the D-dimensional heterotic string whose bosonic
lagrangian is in parallel with the general lagrangian we have considered in
section three. Besides as we have discussed by the end of section three our
general formulation corresponds to the one that occurs when the Maxwell-
Einstein supergravities are constructed by the use of the Noether’s method
[31, 32, 33]. We have also mentioned about the possible transformations
between the two different scalar coset parametrizations of section two and
section three which are both in the solvable Lie algebra gauge. Finally in
section four we have discussed an alternative way of deriving the field equa-
tions of the compactified heterotic string whose field content directly arises
from the D = 10 heterotic string via the Kaluza-Klein ansatz [22]. By this
method one can express the field equations of the D-dimensional heterotic
string exactly as in section three whose scalar coset matrix representations
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are different from the ones used in section two. One can then search for the
field transformations which originate from the equality of the two distinct
lagrangians of section two and section three. The limitations associated with
this method are also pointed out in the last section.
In [23] the dynamics of the symmetric space sigma model with only
abelian gauge field couplings is studied under the solvable Lie algebra gauge.
Therefore apart from deriving the bosonic matter field equations of the D-
dimensional E8×E8 heterotic string this work generalizes the formulation of
[23] to include further dilaton and Chern-Simons couplings. Our formulation
in section three is based on a generic global symmetry group O(p, q) and we
derive the field equations for a general solvable Lie algebra parametrization
of the scalar coset without specifying neither the basis used nor the repre-
sentation chosen as in [23]. From this point of view the field equations we
have obtained are extensive in their coverage and they are purely in alge-
braic terms. On the other hand the major achievement of this work is the
explicit derivation of the bosonic matter field equations of the D-dimensional
toroidally compactified E8 × E8 heterotic string for a generic and unspeci-
fied solvable Lie algebra parametrization of the scalar coset. Although the
bosonic lagrangian constructed in [22] under the solvable Lie algebra gauge
assumes a certain representation of the coset generators we have obtained
the bosonic matter field equations of the D-dimensional heterotic string in
a representation free formalism. Therefore for the field equations obtained
in the last section we have a degree of freedom of choosing an appropriate
representation of the solvable Lie algebra. This would provide a useful ma-
chinery for seeking solutions of the theory. As a matter of fact one can inspect
various representations to simplify the field equations bearing in mind that
choosing a basis for the solvable Lie algebra also corresponds to defining the
coset scalar fields. Appropriate representations would decrease the complex-
ity of the field equations. When one finds a suitable representation step by
step one can construct the explicit equations of motion which would involve
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less couplings. If the field equations in section three and section four are in-
spected carefully one can see that the most essential coupling is between the
coset scalars and the gauge fields beside the non-linearity of the structure of
the coset scalars themselves. Thus focusing on these couplings we have also
derived various versions of the corresponding field equations in section three
which may provide a set of tools when certain solutions of these equations
are studied.
In section four we have discussed that the formulation of section three
which is based on the invariant metric η is advantageous over the formula-
tion descending from the Kaluza-Klein compactification so that η is a diag-
onal matrix and it prevents cross couplings of the gauge fields in the field
equations. Since our aim in this work is to formulate the field equations
rather than studying the solutions we have not given specific examples for
which this simplicity may be exploited. However we may state that the η-
formulation brings simplicity in deriving the first-order field equations of the
Maxwell-Einstein supergravities and in constructing the non-linear realiza-
tions of these theories [39, 40, 41]. For the η-formulation from [39, 40, 41]
we observe that the non-mixing of the gauge fields in the field equations is
reflected in the coset algebra of the non-linear sigma model construction of
the theory such that the operators which correspond to different gauge fields
do not mix under the algebra product (they anti-commute with each other).
Although we have mentioned about the relation between the two different
solvable Lie algebra parametrizations of the scalar coset in the last section
we have not shown any attempt to construct the transformations explicitly.
As we have discussed one can search for the local or the global scalar field
transformations which would make use of the group theoretical structure of
the global symmetry group. One can also inspect the field transformations
mentioned in the last part of section four which relate the field contents of
the two equivalent formulations of the theory based on two distinct scalar
coset representations. As we have stated before this would remove some
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complexity of the field equations. Therefore one can workout the solutions in
the formulation of section three and then transform the fields to the original
Kaluza-Klein field content of section two.
The formalism of section three can be extended for theories which posses
different global symmetry groups than O(p, q) but which still can pertain the
solvable Lie algebra gauge. In this case the scalar coset G/K must be such
that again the global symmetry groupGmust be a real form of a non-compact
semi-simple Lie group and K must be its maximal compact subgroup to be
able to apply the solvable Lie algebra gauge to parameterize the scalar coset
manifold [18]. However when defining the internal metric one must use a gen-
eralized transpose which is induced by the Cartan involution of the Lie alge-
bra g [18, 23, 26, 27, 28, 29] instead of the ordinary matrix transpose. Since
the supergravity theories give way to first-order formulations [19, 20, 42] the
first-order formulation of the field equations can be performed for both the
general formalism of section three and the D-dimensional compactified het-
erotic string. Finally we should state that although owing to the non-linear
structure of the coset scalars also the complexity of the coupling between the
scalars and the gauge fields we have focussed on the bosonic matter sector in
this work one can extend the solvable Lie algebra gauge formalism developed
here to derive the field equations in the presence of the graviton and the
fermionic sectors too.
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